In this paper we examine topological properties of pointed metric measure spaces (Y , p) that can be realized as the pointed Gromov-Hausdorff limit of a sequence of complete,
Introduction
The Gromov-Hausdorff limits of Riemannian manifolds with Ricci curvature lower bounds have become an important focus in the modern study of Riemannian geometry. In their joint work, Cheeger and Colding proved a number of substantial geometric properties and regularity results describing the nature of these limit spaces [7] [8] [9] . In particular, they show that the limit space Y is in fact a metric space equipped with a measure ν satisfying the Bishop-Gromov 
Letting ω n denote the volume of an n-dimensional unit ball in Euclidean space, it follows that lim r→∞ ν(B z (r)) ω n r n 1. Here we study the topology of such limit spaces with an additional condition of Euclidean volume growth in the limit, that is lim r→∞ ν(B z (r)) ω n r n > 0. We show that the topology of the limit space simplifies tremendously when the volume growth of Y is carefully restricted.
Generally speaking, the Gromov-Hausdorff distance defines a very weak form of convergence. While in dimensions 1 and 2 the topology is somewhat well behaved, in higher dimensions very little can be said even when additional geometric constraints are assumed for the sequence M n i
. For example, in [15] Menguy constructs a sequence of 4-dimensional manifolds each with positive Ricci curvature and Euclidean volume growth but whose Gromov-Hausdorff limit possesses infinite topological type within balls of arbitrarily small radius. In the positive direction, Anderson [2] showed that the limit is in E-mail address: mikemunn@gmail.com. 1 Research partially supported by NSF grant #OISE-0754379 and PSC-CUNY grant #60079-39 40. fact a C 1,α manifold assuming a two sided Ricci curvature bound and a uniform lower bound on the injectivity radius of the sequence. Later, Sormani and Wei [20] showed that when the sequence has a uniform lower bound on the Ricci curvature the limit space admits a universal cover and, in fact, if the sequence is additionally simply connected then the limit space is its own universal cover. Further work of Ennis and Wei [10] describes the nature of the universal cover when the limit space is compact. The results of Sormani and Wei [20] can be also be used to extend another theorem of Anderson's [3] comparing the volume growth of a Riemannian manifold to the size of its fundamental group. They show that if the volume growth of the sequence is at least half that of Euclidean space then the universal cover of the limit is the space itself. However, this does not imply that the limit is simply connected. In fact, it remains an open question whether this condition on volume growth implies simply connectedness in the limit or not (see Remark 2).
Here we prove a partial result in this direction. We give precise bounds α(1, n), see Table 1 , for the volume growth of
such that the following theorem holds: 
then the pointed Gromov-Hausdorff limit is simply connected.
In general, one cannot assume that the Gromov-Hausdorff limit of a sequence of manifolds with π k (M n i ) = 0 has trivial kth homotopy group. Taking capped cylinders and moving the base point to infinity through the Gromov-Hausdorff convergence produces a cylinder in the limit (see Example 1, in Section 3 below). Although the elements of this sequence are simply connected the limit is certainly not. However, Theorem 1.1 shows that this property does in fact hold provided the volume growth is sufficiently large for the manifolds throughout the sequence. In fact, Theorem 1.1 is a consequence of a more general theorem relating the volume growth of the limit space and any of its kth homotopy groups. Furthermore, the actual dependence on volume growth occurs not on the M n i in the sequence, but only in the volume growth of their Gromov-Hausdorff limit (as illustrated by Example 3, in Section 3 below). We find constants α(k, n), depending only on the dimension of the manifolds in the sequence and on k the dimension of the homotopy, such that 
Theorems 1.1 and 1.2 are extensions of previous work of the author [16] which in turn follow from a result of G. Perelman's on complete, Riemannian manifolds with nonnegative Ricci curvature [18] . The proofs build upon Perelman's by determining precise constants for the volume growth where he only proved the existence of such a constant. These computations can be found in [16] .
Remark 1.
As previously stated, Menguy [15] showed that even assuming positive Ricci curvature and Euclidean volume growth throughout the sequence it is possible for the Gromov-Hausdorff limit to have locally infinite topological type. In Theorem 1.2 we allow nonnegative Ricci curvature in the sequence and only bound the volume growth in the limit. These conditions are enough to guarantee specific homotopy groups vanish in the limit and to control the limiting topology. In Example 3 in Section 3 below, we adapt Menguy's construction to create a sequence where the volume growth restriction is only obtained in the limit. While the elements of the sequence do not have trivial topology, we find that the limit does. One caveat to Theorem 1.2 however is that the bounds α(k, n) are very large and force the volume growth of (Y , p) to be very near that of Euclidean space. It remains to show how sharp the values in Table 1 
then π 1 (M n ) = 0. This was also proved independently by Li [13] using a heat kernel comparison argument. It is natural to ask whether such a uniform control on the volume growth of a sequence of Riemannian manifolds with Ric M n i 0 forces simply connectedness in the limit as well. Anderson's proof utilizes the nonnegativity of Ricci curvature in the universal cover and his argument cannot be extended a priori to a Gromov-Hausdorff limit. The proof of Theorem 1.2 however extracts information about the fundamental group without appealing to the deck transformations of the universal cover. It was shown by Sormani and Wei [20] that the universal cover of the limit is the space itself but this alone does not imply simply connectedness, as illustrated in Example 5, in Section 3 below. The spherical suspension over the Hawaiian earring is its own universal cover but it is not simply connected. Thus, in that sense Theorem 1.1 gives a partial solution to this problem. 
Such a limit space (Y , p) need not be a Riemannian manifold and so in some sense the condition of Ric 0 has its counterpart through (6) . The requirement on the volume growth of (Y , p) is equivalent to the Riemannian case only now applied to the renormalized limit measure on Y obtained from [7] . The difficulty arises in verifying that the primary tools that were used in [16] also hold in an appropriate sense for the limit space (Y , p). By proving analogs of these lemmas, we can yield the same conclusions for π k (Y , p) that we proved in the Riemannian setting.
To make these ideas more rigorous, we now briefly review the main ideas from [16] and explain how these concepts can be adapted to examine metric measure limits.
Let M n be a complete Riemannian manifold with Ric 0. The primary tool to show π k (M n ) = 0 was the Homotopy Construction Theorem [16, Theorem 2.7] . This theorem states conditions which guarantee when a continuous map f :
. The Homotopy Construction Theorem (HCT) is stated and proved for any complete locally compact length space and does not require the smooth structure of a Riemannian manifold. In [16] , the necessary conditions of the HCT are shown to be satisfied when M n has Ric 0 and the volume growth obeys certain lower bounds. To obtain the conditions required to apply the HCT on M n , we use two facts from the Riemannian geometry of man- 
We proceed as follows: in Section 2 we review the basic ideas of pointed Gromov-Hausdorff distance and convergence and define the renormalized limit measure for the limits of sequences satisfying (6) . In Section 3 we provide examples which aim to further demonstrate the relationship between the topology of pointed Gromov-Hausdorff limit spaces and their volume growth. In Section 4 we prove a generalization of the Abresch-Gromoll excess estimate (Lemma 5.2) and a generalization of Perelman's Maximal Volume Lemma (Lemma 5.1). In Section 6 we show how to prove Theorem 1.2 using these generalized lemmas.
Background and definitions
We begin by briefly discussing the notion of Gromov-Hausdorff distance and convergence, first for compact metric spaces and then for the noncompact case. The Gromov-Hausdorff distance defines a metric on the class of isometry classes of compact metric spaces, where the distance between isometric spaces is zero. More precisely, 
where the infimum is taken over all metric spaces Z and all isometric embeddings f :
Here d Z H denotes the Hausdorff distance between subsets of Z and is defined as
The pointed Gromov-Hausdorff distance is defined exactly as above (as the infimum over Hausdorff distances of images in a common metric space Z ) but with the additional requirement that f (x) = g( y)
in Z .
A sequence of metric spaces {X i } ∞ i=1 converges in the Gromov-Hausdorff sense to a compact metric space X provided
When noncompact metric spaces are involved it is necessary to keep track of a sequence of points p i ∈ X i through the convergence. We consider pointed metric spaces {(X i , x i )} and define convergence in terms of the pointed Gromov-Hausdorff distance which is essentially convergence on compact sets. For compact metric spaces the pointed convergence and ordinary converge coincide. We define pointed Gromov-Hausdorff convergence as follows (cf. Appendix in [20] 
Such a map f i is called an almost isometry and if a sequence of manifolds converges in the Gromov-Hausdorff sense then a collection of almost isometries exists. Gromov-Hausdorff convergence defines a very weak topology for metric spaces; and in general, one can only expect that the limit of a sequence of length spaces is again a length space. Recall, a length space is a metric space where points can be connected by a length minimizing geodesic. However, not every path minimizing geodesic in the limit space is realized as the limit of geodesics in the sequence of manifolds. ω n r n ;
and
Equality holds in (7) 
satisfying (6), see also [11] . Among other things, they construct renormalized limit measures ν on the limit space Y and show that such a measure satisfies an analog of the Bishop-Gromov Volume Comparison. 
Furthermore, for all z ∈ Y m and 0 < r 1 r 2 , the renormalized limit measure ν satisfies the Bishop-Gromov type volume comparison stated in (1).
For y ∈ Y , the volume ratio
ω n r n is nonincreasing as a function of r. If in addition,
then we say that the sequence is noncollapsing. Otherwise, the sequence is said to collapse. Note that if a sequence of balls at the basepoints are noncollapsing then the same is true for any sequence of balls centered at other basepoints. This follows by applying the Bishop-Gromov Volume Comparison to the second sequence of balls and using a volume comparison argument to bound their volume from below. For any sequence, collapsed or not, it is possible to find a subsequence for which the renormalized limit measure exists. Note that in the noncollapsed case it is not necessary to pass to a subsequence nor renormalize the measure; the limit measure is simply the n-dimensional Hausdorff measure on Y m . For any R > 0, and
A renormalized limit measure is then a multiple of the n-dimensional Hausdorff measure.
Note, however that this uniqueness need not hold in the collapsed case and the renormalized limit measure can depend on the subsequence (see Example 1.24 in [7] ). Since we are concerned primarily with sequences satisfying the Euclidean volume growth condition in the limit, we will focus only on noncollapsed sequences.
With this notion of measure for the limiting space Y , we can generalize the notion of volume growth to the class of metric measure limit spaces defined in Theorem 2.6: ω n r n .
Note that α Y is a global geometric invariant of Y and it is independent of the base point p in the definition.
Examples
In this section we give some examples of pointed Gromov-Hausdorff limits to aid the reader with intuition and to further describe how the topology of the limit space is influenced by the volume growth of the limit and the nonnegativity of the Ricci curvature in the sequence. These examples are stated in 2 or 3 dimensions but many can be generalized to higher dimensions.
As stated before, the Gromov-Hausdorff metric gives a very weak notion of convergence and the topology can change in the limit even in 2 dimensions. Recall the following two well-known examples: 
Example 1 (Appearance of topology in the limit). There is a sequence of complete noncompact Riemannian manifolds

Example 2 (Disappearance of topology in the limit). There is a sequence of complete noncompact Riemannian manifolds M n i
with α M i > 0 which are not simply connected whose limit space Y is simply connected.
Consider cones
2 ), with 0 < a < 1 and the metric smoothed appropriately at the vertex. Attach a small handle and fix a point p near the vertex but away from the handle. By altering the metric through the sequence we can make the handle slide off to infinity away from the fixed point p. Note that each element of the sequence (M
has Euclidean volume growth and the pointed Gromov-Hausdorff limit (Y , p) is precisely a cone with α Y = a > 0 and it is simply connected.
The above examples show that the nature of the limit is influenced by the behavior of the base point through the convergence. Note however that the volume growth does not change through the convergence. Example 1 has linear volume growth throughout while Example 2 has Euclidean volume growth. It is possible for the volume growth to change as the sequence converges and, in fact, Theorem 1.2 only requires the volume growth lower bound for the limit space.
Example 3 (Dependence of volume growth bounds only for the limit).
There is a sequence of complete, noncompact 4-manifolds M c > 0) with infinite topological type. The construction begins by defining a metric of metric cone over a spherical suspension over a small ball (see also [19] ). The result is a double warped product
where dσ is the metric on the round sphere, 0 < c < 1 and R 0 < 1.
The cone structure ensures the manifold has Euclidean volume growth like cr 4 . Menguy then glues in a building block of Perelman [17] which has nontrivial topology along the edge of the cone formed from the singular points of the suspension. The metric can be smoothed to ensure the Ricci curvature is always positive. The final product is a manifold with positive Another example where the volume growth requirement is attained in the limit but fails throughout the sequence is described below. Note that strict bounds on α Y alone do not force simplified topology in the limit. Despite the very large volume growth in the limit of the following example, it is not simply connected as the elements within the sequence do not have nonnegative Ricci curvature.
Example 4 (Dependence on Ricci curvature lower bound throughout the sequence).
There is a sequence of complete noncompact Riemannian manifolds M 
Let p be the point (a, 0, 0) and define the manifold M = 0 for all i because in the limit M 2 i approximates the cylinder. However, this sequence of manifolds converges in the pointed Gromov-Hausdorff limit to the hyperboloid which has volume growth larger than that of Euclidean space, i.e. α M 2 > 1. Naturally, the sequence does not satisfy the necessary Ricci bound and clearly the one-sheeted hyperboloid is not even simply connected regardless of how large the volume growth in the limit is.
We end by giving a similar example which illustrates the necessity of Ric M i 0 throughout the elements of the sequence. 
where g X i is the metric of X i induced from R 2 .
The sequence {(M 2 i , (0, 0, 0))} converges in the pointed Gromov-Hausdorff limit to R × sinh 2 (t) X and the warping function sinh gives each element of the sequence very large volume growth. Thus, the limit has large volume growth as well. However the limit is clearly not simply connected as the Hawaiian earring is not simply connected. So, without the bound on Ricci curvature, the limit may not have trivial homotopy group even if α Y > α(1, 2).
Generalizations of main lemmas
Recall from [16] , (B p i (R) )) for i sufficiently large. Letting η↓0, we can construct a sequence of points a i ∈ B p i (R) and maps f i : 
Here d M i denotes the distance function on M n i and recall ab denotes a minimal geodesic connecting a to b. In fact, since the points q i lie on geodesics emanating from p i , it is possible to find points
Again, by the properties of pointed convergence, for all η > 0 and i sufficiently large, there exists a map f i :
By controlling the location of the balls B f i (a i ) ( R) in relation to the points a, p ∈ Y , it is possible to also control the location of the points f j (q j ). That is to say, for all j > i, the points { f j (q j )} lie a compact sector of B p (2R) \ B p (R) and it is possible to extract a convergent subsequence {q j k
The limit space Y is a complete length space; and thus, there exists a minimum length geodesic connecting the points p and q, denoted pq. It remains only to show that this minimal geodesic path lies within R of the point a. In fact, it is possible to realize this geodesic path in Y as the limit of geodesics p i q i in M n i
. Furthermore, since each of these paths lies within R of the respective points a i , and the points a i are 'converging' to the point a ∈ Y , the limiting geodesic path (after passing to an appropriate subsequence) must also lie with R of a; that is, d Y (a, pq) R as required. This completes the proof. 2
Generalization of the excess estimate
Next, we generalize the Abresch-Gromoll excess estimate ( [1] , cf. [6] ) to metric measure limits of Riemannian manifolds with nonnegative Ricci curvature. In Section 5 we produced a limit geodesic when proving Lemma 5.1. It is only necessary to prove the excess estimate for small, thin triangles which are formed from limit geodesics. 
be points in the sequence of manifolds that converge to x, a, b (resp.) in the limit. By property (2) following the definition of pointed Gromov-Hausdorff convergence, there exists a constant N η > 0 such that for all r > 0 and i > N η , there is a map f i :
This implies that, for any > 0, 
The expression for β(k, c, n) is iterative and the number of terms in the maximum increases as 2 k−1 . However, we verify in [16] that the leading term 1 − γ (c, h (c), n) as a function of c, we are able to extract precise constants α(k, n) for α M which guarantee the kth homotopy group of M n is trivial. The same constants produce an equivalent outcome for the homotopy groups of the
GH limit space (Y , p).
In the table below we indicate the values for α(k, n) for 1 k 3, 1 n 10. The explicit form for higher dimensional α(k, n) can be found in [16] .
